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a b s t r a c t
In 2010, Kadelburg et al. ([7]) by providing an example showed that a contraction in an
ordered metric space is not necessarily a contraction (in the classical sense). Thus fixed
point results in ordered metric spaces are generalizations of ones in metric spaces in a
sense. In this paper, we give some ordered fixed point results for convex contractions and
special mappings which satisfy some contraction conditions. Also, we give some results
concerning the property (P).
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The notion ofmetric spaceswas introduced in 1906 byMaurice Frechet. Since then, many researchers have exploited this
notion to define various concepts, using different views and ideas. One of the important notions is that of ordered metric
spaces. We say that (X, d,≤) is an ordered metric space whenever≤ is an order on X and (X, d) is a metric space. Although
these spaces have been considered by many authors recently and even though ordered metric spaces were introduced and
studied a few years ago, there are some old works on these spaces. For example, Vandergraft reviewed the Newton method
for convex operators on partially ordered spaces in 1967 [1]. Also, Wolk reviewed continuous convergence on partially
ordered spaces in 1975 [2]. Later, Sun and Sun started ordered fixed point theory in 1989 [3] and after some years it was
continued by Agarwal et al. [4]. Also, Wanka published a paper concerning approximation theory in ordered spaces in
1996 [5]. In 2010, Altun et al. [6] and Kadelburg et al. [7] proved some fixed point and common fixed point theorems on
ordered metric spaces by using a cone. In recent years, ordered fixed point theory has been considered by many authors
(see, for example, [8–33]).
Rhoades defined the property (P) on metric spaces in his works [34–36]. Denote, as usual, by F(T ) the set of fixed points
of themapping T : X → X . We say that a self-map T has the property (P) whenever F(T ) = F(T n) for all n ≥ 1, that is, it has
no periodic points. Note that F(T ) ⊆ F(T n) for all n ≥ 1. Recently, two interesting papers have appeared on the property
(P) [37,38].More recently, Alghamdi et al. have studied convex contraction and two-sided convex contractionmappings [39],
which were introduced by Istratescu [40] in 1982. We use these notions to obtain some results. In this paper, we give some
ordered fixed point results for convex contractions and special mappings which satisfy some contraction conditions and are
not necessarily continuous. Also, we give some results concerning the property (P).
2. The main results
Let (X,≤) be a partially ordered set. We define X≤ = {(x, y) ∈ X × X : x ≤ y or y ≤ x}. Also, we say that a self-map
T : X → X is orbitally continuous at xwhenever for each sequence {n(i)}i≥1 with T n(i)x → a for some a ∈ X , we have
T n(i)+1x → Ta.
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Here, Tm+1 = T (Tm). Finally, we define the orbit of T at x by
O(x,∞) := {x, Tx, T 2x, . . . , T nx, . . .}
and we say that T has the strongly comparable property whenever (T n−1y, T ny) ∈ X≤ for all n ≥ 1 and m ≥ 2, where
y ∈ F(Tm).
Theorem 2.1. Let (X, d,≤) be a complete ordered metric space, λ ∈ (0, 1) and T a self-map on X satisfying the condition
min{d2(Tx, Ty), d(x, y)d(Tx, Ty), d2(y, Ty)} −min{d2(x, Tx), d(y, Ty)d(x, Ty), d2(y, Tx)} ≤ λ d(x, Tx)d(y, Ty)
for all x, y ∈ X≤. If there exists x0 ∈ X such that (T n−1x0, T nx0) ∈ X≤ for all n ≥ 1 and T is orbitally continuous at x0, then T has
a fixed point. Moreover, if T has the strongly comparable property, then T has the property (P).
Proof. Define xn+1 = Txn = T n+1x0 for all n ≥ 0. If xn0 = xn0−1 for some natural number n0, then xn = xn0 for all n ≥ n0
and xn0 is a fixed point of T . Suppose that xn ≠ xn−1 for all n ≥ 1. Now for each n ≥ 1, by using the assumption, we can put
x = xn−1 and y = xn in the condition. Thus, we obtain
min{d2(xn, xn+1), d(xn−1, xn)d(xn, xn+1)} ≤ λ d(xn−1, xn)d(xn, xn+1).
Since λ < 1,min{d2(xn, xn+1), d(xn−1, xn)d(xn, xn+1)} = d2(xn, xn+1). Hence,
d(xn, xn+1) ≤ λd(xn−1, xn).
By continuing this process we obtain d(xn, xn+1) ≤ λnd(x0, x1) for all n ≥ 1. Thus, for each natural number k, we have
d(xn, xn+k) ≤
n+k−1
i=n
d(xi, xi+1) ≤
n+k−1
i=n
λid(x0, x1) ≤ λ
n
1− λd(x0, x1).
Therefore, {xn} is a Cauchy sequence. Since (X, d) is a complete metric space, there exists u ∈ X such that xn → u. Since T
is orbitally continuous, xn+1 = Txn → Tu. This implies that Tu = u. Now, we prove that T has the property (P). Let n ≥ 2 be
given and v ∈ F(T n). Since T has the strongly comparable property, we can put x = T n−1v and y = T nv in the condition.
Thus, we obtain
min{d2(T nv, T n+1v), d(T n−1v, T nv)d(T nv, T n+1v)} ≤ λ d(T n−1v, T nv)d(T nv, T n+1v).
Thus, min{d2(v, Tv), d(T n−1v, v)d(v, Tv)} ≤ λ d(T n−1v, v)d(v, Tv) and so two cases arise.
Case I. d2(v, Tv) ≤ λ d(T n−1v, v)d(v, Tv).
We claim that d(v, Tv) = 0. If d(v, Tv) > 0, then d(v, Tv) = d(T nv, T n+1v) ≤ λ d(T n−1v, T nv). By putting x = T n−2v
and y = T n−1v in the condition, we obtain
min{d2(T n−1v, T nv), d(T n−2v, T n−1v)d(T n−1v, T nv)} ≤ λ d(T n−2v, T n−1v)d(T n−1v, T nv).
Let d2(T n−1v, T nv) ≤ λ d(T n−2v, T n−1v)d(T n−1v, T nv). If d(T n−1v, T nv) = 0, then T n−1v = v and so v = T nv = Tv. If
d(T n−1v, T nv) > 0, then d(T n−1v, T nv) ≤ λ d(T n−2v, T n−1v). Now, let
d(T n−2v, T n−1v)d(T n−1v, T nv) ≤ λ d(T n−2v, T n−1v)d(T n−1v, T nv).
So we should have d(T n−2v, T n−1v) = 0 or d(T n−1v, T nv) = 0 (and so v = Tv), because if d(T n−2v, T n−1v) > 0 and
d(T n−1v, T nv) > 0, then we get λ ≥ 1 which is a contradiction. By continuing this process, we obtain
d(v, Tv) = d(T nv, T n+1v) ≤ λ d(T n−1v, T nv) ≤ λ2 d(T n−2v, T n−1v) · · · ≤ λn d(v, Tv)
which leads us to λ ≥ 1 which is a contradiction. Therefore, in this case we have d(v, Tv) = 0 and so Tv = v.
Case II. d(T n−1v, v)d(v, Tv) ≤ λ d(T n−1v, v)d(v, Tv).
In this casewe should have d(T n−1v, v) = 0 or d(v, Tv) = 0 (and so v = Tv). In fact, if d(T n−1v, v) > 0 and d(v, Tv) > 0,
thenλ ≥ 1which is a contradiction. Thus,wehave the consequence that F(T n) ⊆ F(T ). Therefore, T has the property (P). 
The following example shows that there are nonlinear and discontinuous mappings which satisfy the condition of
Theorem 2.1.
Example 2.1. Let X = [0,∞), d(x, y) = |x − y| and T be a self-map on X defined by Tx = 0 whenever 0 ≤ x ≤ 10, Tx =
x − 10 whenever 10 ≤ x ≤ 11 and Tx = 1.1 whenever x > 11. Then, on putting λ = 12 , T satisfies the condition of
Theorem 2.1.
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Theorem 2.2. Let (X, d,≤) be a complete ordered metric space, λ ∈ (0, 1), a ≥ 0 and T a self-map on X satisfying the condition
min

d(Tx, Ty), d(x, y), d(x, Tx), d(y, Ty),
d(x, Tx)[1+ d(y, Ty)]
1+ d(x, y) ,
d(y, Ty)[1+ d(x, Tx)]
1+ d(x, y) ,
min{d2(Tx, Ty), d2(x, Tx), d2(y, Ty)}
d(x, y)

− amin

d2(x, Tx)[1+ d2(y, Ty)]
1+ d2(x, y) ,
d2(y, Ty)[1+ d2(x, Tx)]
1+ d2(x, y) ,
d(x, Tx), d(y, Tx)

≤ λmax{d(x, y), d(x, Tx)}
for all x, y ∈ X≤. If there exists x0 ∈ X such that (T n−1x0, T nx0) ∈ X≤ for all n ≥ 1 and T is orbitally continuous at x0, then T has
a fixed point. Moreover, if T has the strongly comparable property, then T has the property (P).
Proof. Define xn+1 = Txn = T n+1x0 for all n ≥ 0. If xn0 = xn0−1 for some natural number n0, then xn = xn0 for all n ≥ n0
and xn0 is a fixed point of T . Suppose that xn ≠ xn−1 for all n ≥ 1. Now, by using the assumption, we can put x = x0 and
y = x1 = Tx0 in the condition. Then, we obtain
min

d(Tx0, T 2x0), d(x0, Tx0),
d(x0, Tx0)[1+ d(Tx0, T 2x0)]
1+ d(x0, Tx0) ,
min{d2(Tx0, T 2x0), d2(x0, Tx0)}
d(x0, Tx0)

≤ λ d(x0, Tx0).
If d(x0, Tx0) ≤ d(Tx0, T 2x0), then we deduce that d(x0, Tx0) ≤ λ d(x0, Tx0) and so λ ≥ 1 which is a contradiction. This
implies that d(Tx0, T 2x0) ≤ d(x0, Tx0). Thus,
min

d(Tx0, T 2x0), d(x0, Tx0),
d(x0, Tx0)[1+ d(Tx0, T 2x0)]
1+ d(x0, Tx0) ,
d2(Tx0, T 2x0)
d(x0, Tx0)

≤ λ d(x0, Tx0).
But it is easy to see that
min

d(Tx0, T 2x0), d(x0, Tx0),
d(x0, Tx0)[1+ d(Tx0, T 2x0)]
1+ d(x0, Tx0) ,
d2(Tx0, T 2x0)
d(x0, Tx0)

= d
2(Tx0, T 2x0)
d(x0, Tx0)
and so d
2(Tx0,T2x0)
d(x0,Tx0)
≤ λ d(x0, Tx0). Hence, d(Tx0, T 2x0) ≤
√
λ d(x0, Tx0). Now, by continuing this process, for each n ≥ 1 we
obtain
d(T nx0, T n+1x0) ≤
√
λ d(T n−1x0, T nx0) ≤ · · · ≤
√
λn d(x0, Tx0).
Thus, for each natural number kwe have
d(xn, xn+k) = d(T nx0, T n+kx0) ≤
n+k−1
i=n
√
λi d(x0, Tx0) ≤
√
λn
1−√λd(x0, Tx0).
This implies that {xn} is a Cauchy sequence. Since (X, d) is a complete metric space, there exists u ∈ X such that xn → u.
Since T is orbitally continuous, Txn → Tu. Hence, u is a fixed point of T . Now, we prove that T has the property (P). Let n ≥ 2
be given and v ∈ F(T n). If d(v, Tv) = 0, then Tv = v. Suppose that d(v, Tv) > 0. An argument similar to that in the first
part of this proof shows that
d2(Tv, T 2v)
d(v, Tv)
= min

d(Tv, T 2v), d(v, Tv),
d(v, Tv)[1+ d(Tv, T 2v)]
1+ d(v, Tv) ,
d2(Tv, T 2v)
d(v, Tv)

= min

d(Tv, T 2v), d(v, Tv),
d(v, Tv)[1+ d(Tv, T 2v)]
1+ d(v, Tv) ,
min{d2(Tv, T 2v), d2(v, Tv)}
d(v, Tv)

≤ λ d(v, Tv).
Hence, d(Tv, T 2v) ≤ √λ d(v, Tv). Since T has the strongly comparable property, by using an argument similar to that in
Theorem 2.1, we obtain
d(v, Tv) = d(T nv, T n+1v) ≤ √λ d(T n−1v, T nv) ≤ · · · ≤ √λn d(v, Tv).
This implies that Tv = v because λ < 1. Thus, F(T n) ⊆ F(T ). Therefore, T has the property (P). 
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The following example shows that there are nonlinear and discontinuous mappings which satisfy the condition of
Theorem 2.2.
Example 2.2. Let X = [0,∞), d(x, y) = |x − y| and T be a self-map on X defined by Tx = 0 whenever 0 ≤ x ≤ 20, Tx =
x− 20 whenever 20 ≤ x ≤ 21 and Tx = 1.1 whenever x > 21. Then, on putting λ = 12 and a = 1, T satisfies the condition
of Theorem 2.2.
The following result generalizes Proposition 1.1 of [34].
Theorem 2.3. Let (X, d,≤) be a complete ordered metric space, b ∈ [0, 1), c ≥ 0,m a nonnegative integer and T a self-map on
X satisfying the condition
d2(Tm+1x, Tm+2y) ≤ b d(Tmx, Tm+1x)d(Tm+1y, Tm+2y)+ c d(Tmx, Tm+2y)d(Tm+1y, Tm+1x)
for all x, y ∈ X≤. Suppose that there exists x0 ∈ X such that (T n−1x0, T nx0) ∈ X≤ for all n ≥ 1. If T is orbitally continuous at
x0 or m = 0, then T has a fixed point. Moreover, T has a unique fixed point whenever c < 1. If T has the strongly comparable
property, then T has the property (P).
Proof. Define x1 = Tm+1x0 and xn+1 = Txn for all n ≥ 1. Then
d2(x1, x2) = d2(Tm+1x0, Tm+2x0) ≤ b d(Tmx0, Tm+1x0)d(Tm+1x0, Tm+2x0)
+ c d(Tmx0, Tm+2x0)d(Tm+1x0, Tm+1x0)
= b d(Tmx0, Tm+1x0)d(Tm+1x0, Tm+2x0) = b d(Tmx0, Tm+1x0)d(x1, x2).
If d(x1, x2) = 0, then Tx1 = x2 = x1 and so T has a fixed point. If d(x1, x2) > 0, then d(x1, x2) ≤ bd(Tmx0, x1). Similarly, we
have
d2(x2, x3) = d2(Tm+2x0, Tm+3x0) ≤ b d(Tm+1x0, Tm+2x0)d(Tm+2x0, Tm+3x0)
+ c d(Tm+1x0, Tm+3x0)d(Tm+2x0, Tm+2x0)
= b d(Tm+1x0, Tm+2x0)d(Tm+2x0, Tm+3x0) = b d(x1, x2)d(x2, x3).
If d(x2, x3) = 0, then Tx2 = x3 = x2 and so T has a fixed point. If d(x2, x3) > 0, then d(x2, x3) ≤ bd(x1, x2) and so
d(x2, x3) ≤ b2d(Tmx0, x1). By continuing this process we get that d(xn, xn+1) ≤ bnd(Tmx0, x1) for all n ≥ 1. This implies
that {xn} is a Cauchy sequence. Since (X, d) is a complete metric space, there exists u ∈ X such that xn → u. If T is orbitally
continuous, then Txn → Tu. Hence, Tu = u.
Ifm = 0, then for each n ≥ 2 we have
d2(Tu, T nx0) ≤ b d(u, Tu)d(Txn−2, T 2xn−2)+ c d(u, T 2xn−2)d(Txn−2, Tu).
Since xn → u, we have d2(Tu, u) ≤ c d(u, u)d(u, Tu) = 0 and so Tu = u. Now, we show that T has a unique fixed point
whenever c < 1. Let u and v be fixed points of T . Then, we have
d2(u, v) = d2(Tm+1u, Tm+2v) ≤ b d(Tmu, Tm+1u)d(Tm+1v, Tm+2v)+ c d(Tmu, Tm+2v)d(Tm+1v, Tm+1u)
= c d2(u, v).
Hence, d(u, v) = 0 because c < 1. Thus, u = v and so T has a unique fixed point.
Finally, we prove that T has the property (P) whenever T has the strongly comparable property. Let n ≥ 2 be given and
v ∈ F(T n). We consider the following cases.
Case I.m = 0.
In this case, we have
d2(v, Tv) = d2(T (T n−1v), T 2(T n−1v)) ≤ b d(T n−1v, T nv)d(T nv, T n+1v)+ c d(T n−1v, T n+1v)d(T nv, T nv)
= b d(T n−1v, v)d(v, Tv).
If d(v, Tv) = 0, then Tv = v. If d(v, Tv) > 0, then
d(T nv, T n+1v) ≤ bd(T n−1v, T nv).
By continuing the process and using an argument similar to that in Theorem 2.1, we obtain
d(v, Tv) = d(T nv, T n+1v) ≤ bd(T n−1v, T nv)
≤ b2d(T n−2v, T n−1v) · · · ≤ bnd(v, Tv).
Since b < 1, Tv = v.
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Case II.m ≥ 1 and n > m.
In this case, we have
d2(v, Tv) = d2(Tm+1(T n−m−1v), Tm+2(T n−m−1v))
≤ b d(Tm(T n−m−1v), Tm+1(T n−m−1v))d(Tm+1(T n−m−1v), Tm+2(T n−m−1v))
+ c d(Tm(T n−m−1v), Tm+2(T n−m−1v))d(Tm+1(T n−m−1v), Tm+1(T n−m−1v))
= b d(T n−1v, T nv)d(T nv, T n+1v)+ c d(T n−1v, T n+1v)d(T nv, T nv)
= b d(T n−1v, v)d(v, Tv).
If d(v, Tv) = 0, then Tv = v. If d(v, Tv) > 0, then
d(T nv, T n+1v) ≤ bd(T n−1v, T nv).
By continuing the process and using an argument similar to that in Theorem 2.1, we obtain
d(v, Tv) = d(T nv, T n+1v) ≤ bd(T n−1v, T nv)
≤ b2d(T n−2v, T n−1v) · · · ≤ bnd(v, Tv).
Since b < 1, Tv = v.
Case III.m ≥ 1 and n ≤ m.
In this case, choose a natural number r and an integer number 0 ≤ s < n such that m + 1 = rn + s. Then, we have
Tm(T n−sv) = T n−1v, Tm+1(T n−sv) = v and so
d2(v, Tv) = d2(Tm+1(T n−sv), Tm+2(T n−sv))
≤ b d(Tm(T n−sv), Tm+1(T n−sv))d(Tm+1(T n−sv), Tm+2(T n−sv))
+ c d(Tm(T n−sv), Tm+2(T n−sv))d(Tm+1(T n−sv), Tm+1(T n−sv))
= b d(T n−1v, v)d(v, Tv).
If d(v, Tv) = 0, then Tv = v. If d(v, Tv) > 0, then
d(T nv, T n+1v) ≤ bd(T n−1v, T nv).
By continuing the process and using an argument similar to that in Theorem 2.1, we obtain
d(v, Tv) = d(T nv, T n+1v) ≤ bd(T n−1v, T nv)
≤ b2d(T n−2v, T n−1v) · · · ≤ bnd(v, Tv).
Since b < 1, Tv = v. Thus, F(T n) ⊆ F(T ). Therefore, T has the property (P). 
The following example shows that there are nonlinear and discontinuous mappings satisfying the condition of
Theorem 2.3.
Example 2.3. Let X = [0,∞), d(x, y) = |x− y| and T be a self-map on X defined by Tx = 0 whenever 0 ≤ x ≤ 100, Tx =
x − 100 whenever 100 ≤ x ≤ 100.1 and Tx = 0.15 whenever x > 100.1. Then, on putting m = 0, b = 14 and c = 12 , T
satisfies the condition of Theorem 2.3.
The following examples show that there are somemappings satisfying the condition of Theorem 2.3 while not satisfying
the condition of Proposition 1.1 of [34].
Example 2.4. Let X = {1, 6, 8}, d(x, y) = |x − y|, ≤= {(1, 1), (6, 6), (8, 8)} and T be a self-map on X defined by
T1 = 6, T6 = 8 and T8 = 8. Then, on putting m = 0, x0 = 8, b = 12 and c = 0.9, it is easy to see that T satisfies
the condition of Theorem 2.3 while for x = 1 and y = 8 we have 49 = d2(1, 8) > bd(1, 6)d(6, 8)+ cd(1, 8)d(8, 6) = 17.6.
This implies that T does not satisfy the condition of Proposition 1.1 of [34].
Example 2.5. Let X = {1, 2, 3, 4, 5},≤= {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (1, 3)}, d(x, y) = |x − y| and T be a self-
map on X defined by T1 = 4, T2 = 3, T3 = 3, T4 = 4 and T5 = 5. Then, on putting m = 0, x0 = 4, b = 12
and c = 0.6, it is easy to see that T satisfies the condition of Theorem 2.3 while for x = 2 and y = 5 we have
4 = d2(3, 5) > bd(2, 3)d(5, 5)+ cd(2, 5)d(5, 3) = 3.6. This implies that T does not satisfy the condition of Proposition 1.1
of [34].
In [39], Alghamdi et al. have studied convex contraction and two-sided convex contraction mappings, which were
introduced by Istratescu [40]. These notions were defined for continuous mappings. We change them here to the following.
Definition 2.6. Let (X, d) be a metric space and T a self-map on X . Then T is said to be a convex contraction if there exist
a, b ∈ (0, 1)with a+ b < 1 such that
d(T 2x, T 2y) ≤ a d(Tx, Ty)+ b d(x, y)
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for all x, y ∈ X . Also, T is said to be a convex contraction of order 2 if there exist a1, a2, b1, b2 ∈ (0, 1)with a1+a2+b1+b2 < 1
such that
d(T 2x, T 2y) ≤ a1 d(x, Tx)+ a2 d(Tx, T 2x)+ b1 d(y, Ty)+ b2 d(Ty, T 2y)
for all x, y ∈ X .
It is known that there are convex contractions of order 2 which are not contractions on metric spaces [39,40]. Our next
result generalizes a result of Istratescu [40] (see also [39]).
Theorem 2.4. Let (X, d,≤) be a complete ordered metric space, a, b ∈ (0, 1) with a + b < 1 and T an orbitally continuous
self-map on X satisfying the condition
d(T 2x, T 2y) ≤ a d(Tx, Ty)+ b d(x, y)
for all x, y ∈ X≤. If there exists x0 ∈ X such that (T n−1x0, T nx0) ∈ X≤ for all n ≥ 1, then T has a unique fixed point. Also,
F(T ) = F(T 2).
Proof. Define xn = T nx0 for all n ≥ 1, v = d(Tx0, T 2x0) + d(x0, Tx0) and λ = a + b. Then by using a technique similar to
that in the proof of Theorem 3 of [39], it is easy to see that d(Tm+1x0, Tmx0) ≤ 2λlv, where m = 2l or m = 2l + 1. Also,
d(Tmx0, T nx0) ≤ 4λl1−λv for all n > m and so {xn} is a Cauchy sequence. Since (X, d) is complete, there exists u ∈ X such that
xn → u. Since T is orbitally continuous, Txn → Tu. Hence, we get Tu = u. Now, we show that T has a unique fixed point.
Let y and z be fixed points of T . Then d(y, z) = d(T 2y, T 2z) ≤ a d(Ty, Tz)+ b d(y, z) = (a+ b)d(y, z). Since a+ b < 1, we
obtain the consequence that y = z. Now, we prove that F(T ) = F(T 2). Let y ∈ F(T 2). Then, we have
d(Ty, y) = d(T 2Ty, T 2y) ≤ a d(T 2y, Ty)+ b d(Ty, y) = (a+ b)d(y, Ty).
Since a+ b < 1, we get Ty = y. This completes the proof. 
Like in Examples 2.1, 2.2 and 2.2, we can show that there are nonlinear and discontinuous mappings satisfying
the condition of Theorem 2.4. The following examples show that there are some mappings satisfying the condition of
Theorem 2.4 while not satisfying the condition of Theorem 1.2 of [40] (see also [39]). In 2011, Haghi et al. proved that
some fixed point generalizations are not real generalizations [41]. But the following examples show that our results are real
generalizations.
Example 2.7. Let X = {1, 3, 5}, d(x, y) = |x − y|, ≤= {(1, 1), (3, 3), (5, 5)} and T be a self-map on X defined by
T1 = 3, T3 = 1 and T5 = 5. Then, on putting x0 = 5, a = 12 and b = 14 , it is easy to see that T satisfies the condition of
Theorem 2.4 while for x = 1 and y = 3 we have 2 = d(T 21, T 23) > ad(T1, T3)+ bd(1, 3) = 1.5. This implies that T does
not satisfy the condition of Theorem 1.2 of [40].
Example 2.8. Let X = {1, 2, 3, 4, 5},≤= {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (1, 3)}, d(x, y) = |x− y| and T be a self-map
on X defined by T1 = 4, T2 = 3, T3 = 3, T4 = 4 and T5 = 5. Then, on putting a = 110 , x0 = 4 and b = 12 , it is easy to see
that T satisfies the condition of Theorem 2.4 while for x = 2 and y = 5 we have 2 = d(3, 5) > ad(3, 5) + bd(2, 5) = 1.7.
This implies that T does not satisfy the condition of Theorem 1.2 of [40].
The next result generalizes Theorem 2.3 of [40] (see also [39]).
Theorem 2.5. Let (X, d,≤) be a complete ordered metric space, a1, a2, b1, b2 ∈ (0, 1) with a1 + a2 + b1 + b2 < 1 and T an
orbitally continuous self-map on X satisfying the condition d(T 2x, T 2y) ≤ a1 d(x, Tx)+a2 d(Tx, T 2x)+b1 d(y, Ty)+b2 d(Ty, T 2y)
for all x, y ∈ X≤. If there exists x0 ∈ X such that (T n−1x0, T nx0) ∈ X≤ for all n ≥ 1, then T has a unique fixed point. Also,
F(T ) = F(T 2).
Proof. Define xn = T nx0 for all n ≥ 1, v = d(Tx0, T 2x0)+ d(x0, Tx0). Also, put λ = a1 + a2 + b1 and β = 1− b2. First, note
that
d(T 3x0, T 2x0) ≤ a1 d(x0, Tx0)+ a2 d(Tx0, T 2x0)+ b1 d(Tx0, T 2x0)+ b2 d(T 3x0, T 2x0)
≤ a1v + (a2 + b1)v + b2 d(T 3x0, T 2x0).
Hence, d(T 3x0, T 2x0) ≤ ( λβ )v. Now, by using the assumption, we can put x = Tx0 and y = T 2x0 in the condition. Thus, we
obtain
d(T 3x0, T 4x0) ≤ a1 d(Tx0, T 2x0)+ a2 d(T 2x0, T 3x0)+ b1 d(T 2x0, T 3x0)+ b2 d(T 3x0, T 4x0)
≤ a1v + (a2 + b1)a1 + a2 + b11− b2 v + b2 d(T
3x0, T 4x0).
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Hence, d(T 3x0, T 4x0) ≤ ( λβ )v. Similarly, we have
d(T 5x0, T 4x0) ≤ a1 d(T 2x0, T 3x0)+ a2 d(T 3x0, T 4x0)+ b1 d(T 3x0, T 4x0)+ b2 d(T 5x0, T 4x0)
≤ a1 a1 + a2 + b11− b2 v + (a2 + b1)
a1 + a2 + b1
1− b2 v + b2 d(T
5x0, T 4x0).
Hence, d(T 5x0, T 4x0) ≤ ( λβ )2v. Also, by using the assumption and putting x = T 3x0 and y = T 4x0 in the condition, we obtain
d(T 5x0, T 6x0) ≤ a1 d(T 3x0, T 4x0)+ a2 d(T 4x0, T 5x0)+ b1 d(T 4x0, T 5x0)+ b2 d(T 5x0, T 6x0)
≤ a1 λ
β
v + (a2 + b1)

λ
β
2
v + b2 d(T 5x0, T 6x0)
=

λ
β
2 
a1

β
λ

v + (a2 + b1)v +

β
λ
2
b2 d(T 5x0, T 6x0)

≤

λ
β
2 
a1

β
λ

v +

β
λ

(a2 + b1)v +

β
λ
2
b2 d(T 5x0, T 6x0)

=

λ
β
2 
β
λ

(a1 + a2 + b1)v +

β
λ
2
b2 d(T 5x0, T 6x0)

≤

1
β
2 
β
λ

(a1 + a2 + b1)3v + (β)2b2 d(T 5x0, T 6x0)

which implies ( λ
β
)β3d(T 5x0, T 6x0) ≤ (1− b2)3d(T 5x0, T 6x0) ≤ (λ)3v. Hence,
d(T 5x0, T 6x0) ≤

λ
β
2
v.
By continuing this process and using a technique similar to that in the proof of Theorem 4 of [39], it is easy to see that {xn}
is a Cauchy sequence. Since (X, d) is a complete metric space, there exists u ∈ X such that xn → u. Since T is orbitally
continuous, Txn → Tu and so Tu = u. Now, we show that T has a unique fixed point. Let y and z be fixed points of T . Then,
d(y, z) = d(T 2y, T 2z) ≤ a1 d(y, Ty)+ a2 d(Ty, T 2y)+ b1 d(z, Tz)+ b2 d(Tz, T 2z)
and so y = z. Now, we prove that F(T ) = F(T 2). Let y ∈ F(T 2). Then, we have
d(Ty, y) = d(T 2Ty, T 2y) ≤ a1 d(Ty, T 2y)+ a2 d(T 2y, T 3y)+ b1 d(y, Ty)+ b2 d(Ty, T 2y)
= (a1 + a2 + b1 + b2)d(y, Ty).
Since a+ b < 1, we get Ty = y. This completes the proof. 
Again, like in Examples 2.1, 2.2 and 2.2, we can show that there are nonlinear and discontinuous mappings satisfying
the condition of Theorem 2.5. The following examples show that there are some mappings satisfying the condition of
Theorem 2.5 while not satisfying the condition of Theorem 2.3 of [40].
Example 2.9. Let X = {1, 3, 5}, d(x, y) = |x − y|, ≤= {(1, 1), (3, 3), (5, 5)} and T be a self-map on X defined by
T1 = 3, T3 = 1 and T5 = 5. Then, on putting x0 = 5, a1 = a2 = b1 = b2 = 18 , it is easy to see that T satisfies the
condition of Theorem 2.5 while for x = 1 and y = 3 we have
2 = d(T 21, T 23) > a1d(1, T1)+ a2d(T1, T 21)+ b1d(3, T3)+ b2d(T3, T 23) = 0.8.
This implies that T does not satisfy the condition of Theorem 2.3 of [40].
Example 2.10. Let X = {1, 2, 3, 4, 5},≤= {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (1, 3)}, d(x, y) = |x− y| and T be a self-map
on X defined by T1 = 4, T2 = 3, T3 = 3, T4 = 4 and T5 = 5. Then, on putting x0 = 4, a1 = 12 , a2 = b1 = b2 = 110
it is easy to see that T satisfies the condition of Theorem 2.5 while for x = 2 and y = 5 we have 2 = d(3, 5) >
a1d(2, 3) + a2d(3, 3) + b1d(5, 5) + b2d(5, 5) = 0.5. This implies that T does not satisfy the condition of Theorem 2.3
of [40].
Let (X, d) be a metric space and T be a self-map on X which satisfies the contractive condition d(Tx, Ty) ≤ λ(d(x, Tx)+
d(y, Ty)) for all x, y ∈ X , where λ ∈ [0, 12 ) is a constant (see [42]). Note that T is a convex contraction of order 2.
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